Abstract-Based on the Lyapunov stability theorem, a design methodology of adaptive block backstepping control with perturbation estimation scheme is proposed in this paper for a class of multi-input systems with perturbations to solve regulation problems. First of all, the virtual input controllers are designed from the first block to the .m 1/t h block. Then the proposed robust controller and the perturbation estimator are designed in accordance with the last block. Adaptive mechanisms are employed in each of the virtual input as well as the robust controller so that they may automatically adapt the least upper bounds of perturbations or perturbation estimation errors which may not fulfill the strict-feedback form. Furthermore, the proposed control scheme is able to achieve asymptotic stability. A numerical example is also given for demonstrating the feasibility of the proposed control scheme.
I. INTRODUCTION
In most practical control applications, the dynamic equations of plants are nonlinear and contain uncertain factors, such as model uncertainties, external disturbances etc. Therefore the robust control methods such as sliding mode control (SMC) and backstepping control have become two of the commonly used nonlinear control methods for solving regulation or tracking problems in recent years. SMC is capable of providing robustness and invariance to matched external disturbances and model uncertainties [1] , [2] . If a sliding mode controller is properly designed, asymptotic stability for systems with mismatched perturbations still can be obtained [3] - [6] . However, it is observed that designing novel sliding surface functions to achieve asymptotic stability for mismatched perturbed systems are in general not easy and quite complicated.
On the other hand, for nonlinear systems with dynamic equations in the so called "strict feedback form", both feedback controllers and associated Lyapunov functions can be constructed systematically by using backstepping control technique [7] , [8] . The main design procedure of backstepping controller involves assigning of new state variables and design of virtual input controls, which is fairly flexible, and is designed in accordance with control's objectives. The main advantage of this method is that it is quite effective to deal with systems which contain matched or mismatched perturbations in order to achieve the property of asymptotic stability [7] . Another advantage is that it is a recursive procedure that keeps repeating the same design steps.
For controlling MIMO systems by using backstepping technique, it is found that the systems to be controlled in [9] - [13] have to be in strict-feedback form, which is known as a major disadvantage of backstepping control method. Although the dynamic equations of the plants to be controlled in [14] - [17] are more general than those with strict feedback form, but the upper bounds of perturbations encountered in the systems are still required to be in strictfeedback form. The adaptive block backstepping control schemes presented in [18] - [21] were also for alleviating the constraint of strict-feedback form, but block strict-feedback form are still required. Some researchers [22] - [24] combined backstepping with fuzzy (or neural) and dynamic surface control (DSC) method in order to alleviate the phenomenon of "explosion of complexity", which is also known as a limitation of backstepping method. However, it is found that only UUB can be achieved and the initial condition of the systems may not be arbitrarily assigned when DSC method is applied in the design of backstepping control systems.
Due to the limitations of each of the methodologies mentioned above, in this paper we propose a design methodology of adaptive block backstepping control with perturbation estimation scheme for a class of perturbed multi-input systems to solve regulation problems. The dynamic equations of the systems need not satisfy the block-strict feedback form. The design procedure of the proposed controllers mainly involves two steps. The first step is the design of virtual input controllers from the first block to the .m 1/th block. The second step is the design of robust controller and adaptive gains as well as perturbation estimator in accordance with the mth block to guarantee asymptotic stability of whole controlled system. The upper bounds of perturbations and perturbation estimation errors are not required to be known in advance due to the embedded adaptive mechanisms, and the control energy is in general reduced due to the usage of perturbation estimator. Finally, the proposed method is applied to a numerical example for demonstrating the feasibility of the proposed control scheme.
II. DESIGN OF ADAPTIVE BACKSTEPPING CONTROLLERS WITH PERTURBATION ESTIMATION A. System Descriptions and Problem Formulations
Consider a class of multi-input plants with both matched and mismatched perturbations. The dynamic equations of these plants are governed by
(1)
, are also known, and u 2 R nm is the control input. The vectors 4f j . / 2 R n j can be viewed as unknown nonlinearities, model uncertainties or external disturbances. Noted that (1) is not in strict-feedback form due to the perturbations 4f j . /.
In order to regulate the response of dynamic system (1) in spite of the existence of perturbations, we assume that the following assumptions are valid throughout this paper:
are continuously differentiable with respect to
, and the following inequalities The signal P i n denotes the nominal part of the derivative of virtual inputs˛i , 1 Ä i Ä m 1, and P ip is the part of P i which contains perturbations (Appendix C).
In this paper, the notation kMk denotes the induced 2-norm of a matrix M, and kxk stands for Euclidean norm of a vector x. The main objective of this paper is to develop a control algorithm using backstepping method as well as perturbation estimation so that the state trajectory x.t/ of perturbed dynamic equation (1) can achieve the property of asymptotic stability.
B. Design of the Controllers
Although (1) is not in strict-feedback form, the traditional backstepping control technique is still applicable when designing the proposed controller for system (1) . The problem one needs to solve is how to handle the terms which are not in strict-feedback form in (1) . According to the backstepping methodology, one should design virtual inputs˛i ; 1 Ä i Ä m 1, first. We first define new state variables z j as
where˛0 , 0. The details of designing these virtual inputs i are demonstrated in the following steps.
Step 1 :
From (2), one is able to see that the dynamics of x 1 is equivalent to
Now define a Lyapunov function candidate as V 1 , z T 1 z 1 =2. By using the result of Appendix A, one is able to obtain the time derivative of V 1 along the trajectory of (3) as
Since the matrices
One can design the virtual input controller˛1 as
where " 1 is a designed positive constant, and the adaptive gain O Â 1 .t/ will be determined later. Substituting (5) into (4) yields
Step 2 : In this step, one is able to see that the dynamics of x 2 is equivalent to
Define the second Lyapunov function candidate as V 2 , z T 2 z 2 =2CV 1 . By using (6) and the result of Appendix B, one can compute the time derivative of V 2 along the trajectory of (7) as
Now one can design the virtual input controller˛2 as
where " 2 is a designed positive constant, and the adaptive gain O Â 2 .t/ will be determined later. Substituting (9) into (8) yields
Step i : i D 3 m 1 In this step one is able to see that the dynamics of x i is equivalent to
According to (6) and (10), it is reasonable to assume that
Now define the i th Lyapunov function candidate as
By using (12) and the result of Appendix B, one can compute the time derivative of V i along the trajectory of (11) as
According to (14) , one can design the virtual input controller˛i as
where " i is a designed positive constant, and the adaptive gain O Â i .t/ will be determined later. Substituting (15) into (14) yields
(16) Equation (16) verifies that the assumption of inequality (12) is correct from the mathematic induction point of view.
Remark 1: In fact the range of index i in this step is also valid for 1 Ä i Ä m 1.
Remark 2: The virtual input designed in the step i is not able to make the Lyapunov P V i a negative (semi)definite function since we are dealing with systems with semi-strict feedback form, this is different from those designed in [18] - [20] for systems with strict-feedback form.
Step m: This final step is to design a control input u so that the state variable x can achieve the property of asymptotic stability. The proposed controller is designed as
where
The adaptive gains O Â j , 1 Ä j Ä m, Ǒ 0 , and Ǒ m are given by
C. Perturbation Estimation
The perturbation estimation method proposed in [25] is utilized in this paper to design the signal p est . From (1), (2) , and (17), it is seen
Now let two measurable signals N z m and 4I.t/ be
respectively. Equation (19) indicates that d OE4I.t/=dt D 4f m P .m 1/p . Therefore, one simple way to estimate the perturbation 4f m P .m 1/p is to compute the derivative of 4I.t/, i.e.,
The derivative estimation method proposed in [26] is utilized to estimate
III. STABILITY ANALYSIS
Theorem 1: Consider the dynamic equations (1) with assumptions A1-A3. Suppose that the virtual inputs˛i and P ip in the domain of interest satisfy the following constraints
where a i q and d i`, 1 Ä q Ä i , 1 Ä`Ä m, 1 Ä i Ä m 1, are unknown positive constants. If the virtual inputs and the controller are designed as (15) and (17), respectively; then (a) the trajectories of states z and x will reach zero asymptotically, and the adaptive gains O Â j , 1 Ä j Ä m, Ǒ 0 , and Ǒ m are all bounded; (b) there exist finite constants Â j 1 ,ˇ0 1 , andˇm 1 such that
, and lim t !1 Ǒ m .t/ Dˇm 1 ; (c) the stability of overall controlled system is guaranteed.
Proof: (a) Define a Lyapunov function candidate as
Ǒ m are the adaptive errors of the unknown positive constants Â`, P m 1 j D1 N r j`,ˇ0 , andˇm respectively.
By noting that P Q Â`D P O Â`, P Q 0 D P Ǒ 0 , P Q m D P Ǒ m , and using (1), (2), assumption A3, (16) with i D m 1, then one can compute the time derivative of (20) along the trajectories of P z m and (18) as
Substituting the proposed controller (17) and adaptive gains (18) into the preceding equation for z m ¤ 0 yields
It is easy to verify that P V m Ä P m j D1 " j kz j k 2 Ä 0 is also fulfilled for the case of z m D 0. Since V m > 0 and P V m Ä 0, V m is a bounded function. From (20) and (13), it is known that z j , O Â j , 1 Ä j Ä m, Ǒ 0 , and Ǒ m , are all bounded. Equation (22) also clearly indicates that z j will approach zero as t ! 1. Then from (2), it can be seen that x 1 ! 0 as t ! 1. According to (5) and (2),˛1 and x 2 will reach zero as t ! 1. Noted also that x 1 and x 2 are bounded since z 1 , z 2 , and˛1 are bounded.
Suppose that N x`, 1 Ä`Ä i , and z j , 1 Ä j Ä m, all approach zero. Then according to the analysis in Appendix C, one is able to see that the state variables x j , 1 Ä j Ä m, will be asymptotically stable. (b) From (18), it is known that O Â j .t/, 1 Ä j Ä m, Ǒ 0 , and Ǒ m are monotonically increasing functions, and these functions are all bounded in accordance with (a). Therefore, according to the Proposition 2.14 in Tao [27] , one can conclude that there exist finite constants
, and lim t !1 Ǒ m .t/ Dˇm 1 It is also noted that Â j 1 , 01 , andˇm 1 may not necessarily be equal to Â j ,ˇ0, anď m respectively, since P V is a negative semidefinite function. (c) From (a), one can assume that N x`, 1 Ä`Ä i , and z j , 1 Ä j Ä m, are all bounded. Then (30) implies that P .i 1/n is bounded. From (15) it is seen that˛i .N x i / is also bounded. Hence x i C1 is bounded in accordance with (2) . Therefore from the mathematical induction point of view, one is able to conclude that x j , 1 Ä j Ä m, are all bounded. On the other hand, according to [26] , the output of the derivative estimator p est is also a bounded function due to the fact that z m and N z m are continuous. Therefore, the stability of overall controlled system is guaranteed due to the previous stability analysis.
Remark 3: Note that the unknown functions 4f i . / may depend on the state variable x, which means that if some terms in (1) do not satisfy the so called "Block StrictFeedback Form", then one can treat these terms as the uncertainty 4f i .x/. This is one of the advantages of the proposed control scheme. Noted also that these unknown functions 4f i . / were all accumulated in the last step and were suppressed effectively by the adaptive gains O Â j .
IV. NUMERICAL EXAMPLE AND SIMULATION
Consider an MIMO system with dynamic equations in the form of (1)
The vector u , OEu 1 u 2 u 3 T denotes the input. For demonstrating the robustness of the proposed control scheme using computer simulation, we assume that the unknown perturbations 4f i , 1 Ä i Ä 3, are 
respectively. Noted that the preceding dynamic equations are not in block strict feedback form. The robust backstepping controller is designed in accordance with (17) , and the designed parameters (" 1 , " 2 , Á,ˇ0,ˇ1,ˇ2,ˇ3) are all chosen to be 1. The initial condition of each adaptive rule is 0, and the unknown initial condition of x.t/ are assumed to be demonstrated in Fig. 3 . Fig. 4 displays the perturbation estimation errors, which almost approach zero after t>5 sec. The designed perturbation estimator performs well even though there is an unexpected, large external disturbance " occurring around the 2nd sec in 4f 2 . Let the control energy consumed by the proposed control scheme be E D R t 0 kuk 2 dt. It is clearly seen in Fig. 5 that the controlled system will consume a lot more energy if the controller contains no perturbation estimator at all. 
V. CONCLUSIONS
In this paper a robust adaptive backstepping control scheme with perturbation estimation embedded is successfully proposed for a class of perturbed multi-input nonlinear systems to solve regulation problems. The proposed method releases the restriction that the dynamic equations of controlled systems have to be in block strict feedback form, and it is also able to save control energy due to the usage of perturbation estimator. The adaptive mechanisms, which are also embedded in the virtual inputs and the proposed controller, can effectively overcome the perturbations as well as estimation errors without knowing their least upper bounds in advance. However, the proposed control method is only able to alleviate, not totally eliminate, the disadvantage of "explosion of complexity". Therefore, for future study, designing adaptive block backstepping controllers without computing the derivatives of virtual input functions is worth considering.
APPENDIX
Appendix A: Consider the system (1) with the assumptions A1-A3. Suppose that the virtual inputs˛i in the domain of interest satisfy the following constraints
where a i q , 1 Ä q Ä i , are unknown positive constants. Then
(25) Proof: According to (2) and (24), the upper bounds of kx i k is
where Appendix B: Consider the system (1) with the assumptions A1-A3 and (24) . Suppose that the virtual inputs P ip in the domain of interest satisfy the following constraints 
Proof: From Assumption A3, (26) , (27) , and (2), one can compute the upper bounds of k4f i .x/ P .i 1/p k and kz i kk4f i .x/ P .i 1/p k as (28), (29) 
Suppose that N x`, 1 Ä`Ä i , and z j , 1 Ä j Ä m, all approach zero. Then (30) implies that P .i 1/n converges to zero as t ! 1. From (15) it is seen that˛i .N x i / will also approach zero as t ! 1. Hence x i C1 ! 0 as t ! 1 in accordance with (2) . Therefore from the mathematical induction point of view, one is able to conclude that x j , 1 Ä j Ä m, will be asymptotically stable.
